Abstract. In this paper, we prove two fixed point theorems on incomplete G-metric spaces. Examples are given to show that our results are proper generalizations of main results in [6] .
Introduction and preliminaries
In [7] , Mustafa and Sims introduced the concept of G-metric spaces as follows. An interesting work relating to G-metric spaces is to generalize fixed point theorems on metric spaces into this setting. In this way, many results on the fixed point problem of G-metric spaces have been obtained ( [1] - [5] ), ([7] - [15] ). In [6] , Mustafa et al have proved the existence of fixed points of maps defined on G-metric space where the completeness is replaced with weaker conditions as follows.
Theorem 1.2 ([6], Theorem 2.1). Let (X, G) be a G-metric space and T
There is x ∈ X; {T n x} has a subsequence {T n i x} G-converges to u.
Then u is the unique fixed point of T .
where M is an everywhere dense subset of X with respect the G-metric topology and 0 ≤ k < 1 6 .
2. There exists x ∈ X such that the sequence {T n x} is G-convergent to some u ∈ X. Then u is the unique fixed point of T .
Main results

Theorem 2.1. Let (X, G) be a G-metric space and
T : X −→ X be a map such that (A 1 ) G(T x, T y, T z) ≤ k. max G(x, y, z),
G(x, T x, T x), G(y, T y, T y), G(z, T z, T z)
for all x, y, z ∈ X and some k ∈ [0, 1);
There exists x ∈ X such that the sequence {T n x} has a subsequence
Proof. Since T is G-continuous at u and {T
> 0 and using Lemma 1.7 there exists N 1 ∈ N such that for all i > N 1 we have
Otherwise, by using the condition (A 1 ) we have
. Now for all l > j > N 1 , by continuing the above process we obtain
Taking the limit as l → ∞ in (2.2) we get lim
is a contradiction to (2.1). This proves that T u = u. Next we prove the uniqueness of the fixed point of T . Let u, v be fixed points of T , that is, T u = u and T v = v. It follows from the condition (A 1 ) we have
This proves that the fixed point of T is unique. 
G(T x, T y, T z) ≤ aG(x, T x, T x) + bG(y, T y, T y) + cG(z, T z, T z) ≤ (a + b + c) max G(x, T x, T x), G(y, T y, T y), G(z, T z, T z)
≤ (a + b + c) max G(x,
y, z), G(x, T x, T x), G(y, T y, T y), G(z, T z, T z) = k. max G(x, y, z), G(x, T x, T x), G(y, T y, T y), G(z, T z, T z)
By [8, Example 1.2] we have (X, G) is a G-metric space. Next we will show that (X, G) is not complete. Indeed, we consider the sequence {x n } where
Taking the limit as m, n, l → ∞ in (2.3) we obtain G(x m , x n , x l ) → 0. Then {x n } is a G-Cauchy sequence. Suppose to the contrary that x n → x in X.
Then G(x, x, x n ) = 2|x − 1 + 1 n | which is convergent to 0 as n → ∞, that implies x = 1. It is a contradiction since 1 / ∈ X. Therefore, the sequence {x n } is not G-convergent in X. This proves that (X, G) is not complete.
Next we will show that Theorem 2.1 is applicable to T . For all x, y, z ∈ X we have
Therefore,
G(T x, T y, T z)
= | T x − T y | + | T y − T z | + | T z − T x | = | 4 5 x − 4 5 y | + | 4 5 y − 4 5 z | + | 4 5 z − 4 5 x | = 4 5 (| x − y | + | y − z | + | z − x |) ≤ 9 10 (| x − y | + | y − z | + | z − x |) ≤ 9 10 . max | x − y | + | y − z | + | z − x |, 2 5 x, 2 5 y, 2 5 z = k. max G(x, y, z),
G(x, T x, T x), G(y, T y, T y), G(z, T z, T z)
where k = 9 10 . This proves that T satisfies the condition (A 1 ) in Theorem 2.1.
For each ε > 0, δ = ε and G(0, y, z) = |0 − y| + |y − z| + |0 − z| < δ we have
This proves that T is G-continuous at 0 ∈ X, that is, T satisfies the condition (A 2 ) of Theorem 2.1.
n that is G-convergent to 0 ∈ X. Then T satisfies the condition (A 3 ) in Theorem 2.1. Therefore, all assumptions of Theorem 2.1 are satisfied. Then Theorem 2.1 is applicable to T . We see that x = 0 is the unique fixed point of T . Now we show that T does not satisfy the condition (1) in Theorem 1.2. For all x, y, z ∈ X we may assume that x ≥ y ≥ z, then
G(T x, T y, T z)
and max
G(x, T x, T x), G(y, T y, T y), G(z, T z, T z)
(2.5)
If T satisfies the condition (1) in Theorem 1.2, then
G(T x, T y, T z) (2.6) ≤ a.G(x, T x, T x) + b.G(y, T y, T y) + c.G(z, T z, T z) ≤ (a + b + c) max G(x, T x, T x), G(y, T y, T y), G(z, T z, T z)
for all x, y, z ∈ X and a, b, c ≥ 0 with 0 ≤ a + b + c < 1. By combining (2.4), (2.5) and (2.6) we have
This inequality does not hold if
That is, the condition (1) in Theorem 1.2 does not hold.
Theorem 2.4. Let (X, G) be a G-metric space and T : X −→ X be a Gcontinuous map such that (B 1 ) G(T x, T y, T z) ≤ k. max G(x, y, z), G(x, T x, T x), G(y, T y, T y), G(z, T z, T z)
for all x, y, z ∈ M where M is an everywhere dense subset of X with respect the G-metric topology and 0 ≤ k < 1 2 .
(B 2 ) There exists x ∈ X such that the sequence {T n x} is G-convergent to some u ∈ X. Then u is the unique fixed point of T .
Proof. For all x, y, z ∈ X, since M = X, there exist sequences {x n }, {y n }, {z n } in M such that x n → x, y n → y and z n → z. From the condition (G 5 ) we have
G(T z, T y, T y)
(2.7) ≤ G(T z, T z n , T z n ) + G(T z n , T y, T y) ≤ G(T z, T z n , T z n ) + G(T z n , T y n , T y n ) + G(T y n ,
T y, T y).
Since y n , z n ∈ M for all n ∈ N, from the condition (B 1 ) we have
Using the condition (G 5 ) again we get
From (2.8), (2.9), (2.10) and (2.11) we have
From (2.7) and (2.12) we get
G(T z, T y, T y)
(2.13) ≤ G(T z, T z n , T z n ) + G(T z n , T y, T y) ≤ G(T z, T z n , T z n ) + G(T y n , T y, T y) + G(T z n , T y n , T y n ) ≤ G(T z, T z n , T z n ) + G(T y n , T y, T y) + +k. max G(z n , z, z) + G(y n , y n , y) + G(x, y, z), G(z n , z, z) + G(z, T z, T z) + G(T y, T y n , T y n ), G(y n ,
y, y) + G(y, T y, T y) + G(T y, T y n , T y n ) .
Since T is G-continuous and y n → y, z n → z, by using Lemma 1.6 we have
On the other hand, by using Lemma 1.5 we get
This implies that
as n → ∞. Therefore, by taking the limit as n → ∞ in (2.13) we get
G(T z, T y, T y) ≤ k. max G(x, y, z), G(y, T y, T y), G(z, T z, T z) (2.14)
Since y n , x n ∈ M for all n ∈ N, by a similar argument we obtain
G(T x, T y, T y) ≤ k. max G(x, y, z), G(y, T y, T y), G(x, T x, T x) . (2.15)
It follows from (G 5 ), (2.14) and (2.15) we have
G(T x, T y, T z) ≤ G(T x, T y, T y) + G(T z, T y, T y) ≤ k. max G(x, y, z), G(y, T y, T y), G(z, T z, T z)
+k. max G(x, y, z), G(y, T y, T y), G(x, T x, T x)
≤ 2k. max G(x, y, z),
G(x, T x, T x), G(y, T y, T y), G(z, T z, T z) .
G(T x, T y, T z) ≤ 2k. max G(x, y, z), G(x, T x, T x), G(y, T y, T y), G(z, T z, T z)
for all x, y, z ∈ X and 0 ≤ 2k < 1. It follows from Theorem 2.1 that u is a unique fixed point of T .
Remark 2.5.
For all x, y, z ∈ M and 0 ≤ k < 1 6 we have
y, z), G(x, T x, T x), G(y, T y, T y), G(z, T z, T z) .
Since 0 ≤ k < 1 6 , we get 0 ≤ 3k < Suppose to the contrary that T satisfies the condition (1) in Theorem 1.3. Then we have
G(T x, T y, T z) ≤ k{G(x, T x, T x) + G(y, T y, T y) + G(z, T z, T z)}
for all x, y, z ∈ M and 0 < k < 
